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Abstract

In this paper, we have tried to investigate some new measurable multivalued func-
tion based on the concept of Souslin type as well as souslin operations.

1. Introduction

After the appearance of the book of Lusin [9] in 1930, who first attempted to investi-

gate the measurability of multivalued function as well as existence of its selector. The

major breakthrough in this direction began in 1965 due to JACOBS [6] and there-

after many eminent persons like CASTAING [3], HIMMELBERG [5], VAN-VLECK [5],

RYLL-NARDZEWSKI [8], LEESE [10] tried to obtain the measurability conditions of

multivalued mapping under different conditions on a various type of spaces both mea-

surable as well as topological space. The main target of all these authors use to be find

out the existence of measurable selector for the multivalued as well as implicit function

theorem and lifting problem because such problem used to arise frequently in control

theory, Mathematical Economics and probability theory in Statistics.
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In 1974, S. J. LEESE [10] defined the Souslin type multivalued function and has proved

the existence of measurable selector of such multifunctions. The class of multifunction

is stable with respect to the usual operation of analysis, its name was given because of

the parallel between this theory and the classical theory of Souslin sets.

In this paper we have tried to investigate some new measurable multivalued functions

based on the concept of Souslin type as well as Souslin operation.

In section 2, we have given some necessary definitions and notations as well as stated

some properties of multivalued mapping without proof but oftenly required in our main

results.

2. Preliminaries

Definition 2.1 : Let T and X be any two sets, then a mapping Γ : T → X which

assigns to each point t in T , a set Γ(t) of points in X is called a multifunction.

A selector for Γ is a function f from T into X such that f(t) ∈ Γ(t) for each t ∈ T .

Let M be the σ-algebra of subset of T , then multifunction Γ is said to be measurable if

for any closed subset B of X, the set

Γ−1(B) = {t ∈ T : Γ(t) ∩B 6= φ} ∈M.

Equivalently,

Γ−1(G) = {t ∈ T : Γ(t) ⊂ G} ∈M

= T ∩ {t ∈ T : Γ(t) ⊂ G} ∈M

for every open subset G of X.

Definition 2.2: The graph of multifunction is denoted by Gr(Γ) and defined by-

Gr(Γ) = {(t, x) ∈ T ×X : x ∈ Γ(t)}.

If Γ is upper semi continuous implies Gr(Γ) is closed.

Definition 2.3 : We shall make use of the souslin operation, which is fully discussed

by FELIX HAUSDORFF in “Set Theory” and K. KURATOWSKI in “Topology part

I”.
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let {Aσ1,··· ,σn} be a complete collection of sets in a given space, indexed by the set of

all finite sequences σ1, · · · , σn of positive integers. Then the set

A =
⋃
σ

∞⋂
n=1

Aσ1,··· ,σn .

The union being taken over the collection of all infinite sequence σ of positive integer;

is said to be obtained from the collection {Aσ1,··· ,σm} by the souslin operation.

If the set {Aσ1 , · · · , σn} belong to a given class N of sets then A will be said to belong

to the class souslin −N . We shall use the notation-

A =
⋃
σ

∞⋂
n=1

Aσ/n

where σ/n denotes the finite sequence σ1, · · · , σn.

The measurable space T will be said to admit the Souslin operation if every subset

formed in this way from measurable sets is measurable.

Definition 2.4 : Let T be a measurable space and X a topological space. Then a

multifunction Γ : T → X is said to be of Souslin type if there exist a Polish space P ,

a measurable multifunction Ω : T → P with closed values, and a continuous mapping

φ : P → X such that, for all t,Γ(t) = φ(Ω(t)).

A multifunction of Souslin type is necessarily be measurable.

R will denote the class of all set A×B where A is measurable set in T and B is closed

set in X. We shall need the following Lemma.

Lemma 2.5 : Let X1 be a topological space and K∗ the class of sets which are closed

and compact in X1. Let Y be a Souslin-K∗ subspace of X1. Then if T is a measurable

space which admits the Souslin operation, and π1, is the canonical projection from T×Y
into T , then π1(A) is measurable for every Souslin-R set A in T × Y .

Lemma 2.6 : Let X,Y be topological spaces and ψ : X → Y is a continuous mapping.

Then if T is a measurable space and Γ : T → X is a multifunction of Souslin type, so is

the multifunction t→ ψ(Γ(t)).

3. Main Result

Theorem 3.1 : Let T be a topological space with Borel σ-algebra B(T ) of open subset

of T , and X be a topological space. Then a multifunction Γ : T → X.
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Γ is measurable if there exist a metrizable compact space P , a usc multifunction Ω :

T → P with closed values and a continuous mapping φ : P → X such that ∀ T,Γ(t) =

φ(Ω(t)).

Proof : Since P is metrizable compact space, so it has a countable base.

Therefore P is Polish space (i)

Moreover since Ω is usc-multifunction from T into P , then for every closed set B ⊂ P ,

Ω−1(B) = {t : Ω(t) ⊂ P −B}is open

⇒ Ω−1(B) ∈ B(T ) (ii)

∴ Ω is measurable.

By using definition 2.4 the multifunction Γ is of Souslin type.

⇒ Γ is measurable because every multifunction of Souslin type is measurable.

Theorem 3.2 : Let T be a topological space with Boral σ-algebra B(T ) of open

subsets of T and X be a topological space. If (Γn) is a sequence of a multifunctions

defined from T into X, and there exit a metrizable compact spaces Pn, usc-multifunction

Ωn : T → Pn with closed values and continuous mappings, φn : Pn → X s.t. ∀ t ∈
T,Γn(t) = φn(Ωn(t)). Then the multifunction Γ : T → X defined by Γ(t) =

∞⋃
n=1

Γn(t)

for each t is measurable.

Proof: From Theorem 3.1 each space Pn are Polish and each Ωn are measurable.

∴
k∑

n=1
Pn = P (let) will be the Polish space.

Let φ : P → X be the continuous mapping which coincides with φi on Pi.

Now we define,

Ω(t) =

∞∑
n=1

Ωn(t) ∀ t ∈ T

⇒ Ω(t) is closed values and measurable.

∴ Γ(t) =

∞⋃
n=1

Γn(t) =

∞⋃
n=1

φn(Ωn(t)) = φ(Ω(t))

⇒ multifunction Γ is of Souslin type.

Hence Γ is measurable multifunction.

Theorem 3.3 : Let T be a topological space with Borel σ-algebra of open subsets of

T . Which admits the Souslin operation, (Xi) is a sequence of topological space and
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(Γi) is a sequence of multifunction from T into Xi respectively such that there exist

metrizable compact space Pi, and usc multifunctions Ωi : T → Pi with closed values

and continuous function φi : Pi → Xi respectively s.t.

Γi(t) = φi(Ωi(t)) ∀‘ t ∈ T . Then the multifunction -

Γ : T → X1 ×X2 × · · · is measurable for each t defined by

Γ(t) = Γi(t)× Γ2(t)× · · · .

Proof : From Theorem 3.1 each space Pi are polish space and each usc multifunction

Ωi are measurable multifunction.

The corresponding closed valued multifunction

Ωi : T → Pi, i = 1, 2, · · ·

and continuous mapping are

φi : Pi → Xi, i = 1, 2, · · · .

Now we define

Ω(t) =

∞∏
i=1

Ωi(t)

and P = P1 × P2 × · · ·
From N. Bourbaki [2], P is Polish.

Let G = G1 ×G2 × · · · be any open set in P . Then it is easily can be seen that

Ω−1(G) =
∞⋂
n=1

Ω−1i (Gi) is measurable set.

Since any open set H in P is a countable union of open sets Hi (i = 1, 2, · · · ) then

Ω−1(H) =
⋃∞
n=1 Ω−1i (Hn) is measurable set.

⇒ Ω is a measurable multifunction from Theorem 3 of Robertson [12]. Again we define

a mapping φ from P into X1 ×X2 × · · · by

φ(P1, P2, · · · ) = (φ1(P1), φ2(P2), · · · ).

⇒ φ is a continuous mapping.

Since Γ(t) =
∞∏
i=1

Γi(t) for each t

⇒ Γ(t) =
∞∏
i=1

φiΩi(t).



56 RAJ KUMAR SONI

⇒ Γ(t) = φ(Ω(t)).

⇒ Multifunction Γ is of a souslin type.

Hence Γ is measurable multifunction.

Theorem 3.4 : Let T be a topological space with Borel σ-algebra B(T ) of open

subset of T which admits the souslin operation, V be a topological vector space and

Γ1,Γ2 are multifunctions from T into V such that there exist metrizable compact spaces

Pi, i = 1, 2; usc multifunctions Ωi : T → Pi and continuous mapping φi : Pi → V

s.t. Γi(t) = φi(Ωi(t)) for i = 1, 2 and each t ∈ T . Then the multifunction Γ : t →
Γ1(t) + Γ2(t) is measurable.

Moreover, if α is any measurable scalar valued function on T the multifunction, t →
α(t)Γ1(t) is also measurable.

Proof: From Theorem 3.3, the multifunction Γ : t→ Γ1(t)× Γ2(t) is measurable from

T into V × V .

We know that the mapping φ : V × V → V defined by

φ(x, y) = x+ y is continuous.

So that by Lemma 2.6, Γ(t) = φ(Ω(t)) is of a Souslin type, where Ω(t) = Ω1(t)×Ω2(t).

Thus Γ is a measurable multifunction.

For the second part of Theorem, by the Theorem 3.3, the multifunction t → {α(t)} ×
Γ1(t) is measurable and we know that the mapping φ : (λ, x)→ λx is continuous, where

λ is any arbitrary scalar.

Then we have

φ({α(t)} × Γ1(t)) = α(t)Γ1(t)

⇒ the multifunction t→ α(t)Γ1(t) is of souslin type.

⇒ the multifunction t→ α(t)Γ1(t) is measurable.
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